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Abstract

Recently |Allen-Zhu and Orecchial [2014] have proposed a new way of deriving Nesterov’s
fast gradient method (FGM). They showed that FGM can be viewed as a special convex
combination of the primal gradient method and mirror descent. In this work we extend the
method of |Allen-Zhu and Orecchial [2014] in two directions: 1) we generalize the method to
the class of composite convex functions; 2) we modify the method so that it does not require
the knowledge of the Lipschitz constant and is able to choose it adaptively in iterations. We
prove that the proposed method retains the same convergence rate as the original method
of |Allen-Zhu and Orecchial [2014].

1 Notation

In what follows F denotes a finite-dimensional real vector space. The dual space which is
formed by all linear functions on F is denoted by E*. The value of a function g € E* at
z € E is denoted by (g, z). The space E is endowed with a norm ||-|| (which can be arbitrary).
The corresponding dual norm is ||g||, := max.ee{(g,x) : ||z|| < 1}, g € E*. The gradient of
a differentiable function f at a point z is denoted by V f(z). For a convex function ¥ and a
point z, the symbol ¥ (z) denotes the subdifferential of ¥ at z and ¥'(z) € O¥(x) stands
for any subgradient.

2 Main concepts
We consider the following convex composite optimization problem Nesterov| [2013]:

min [¢(z) := f(z) + V().

Here @ C FE is a closed convex set, the function f is differentiable and convex on @, and
function ¥ is closed and convex on @ (not necessarily differentiable).
In what follows we assume that f is Ly-smooth on Q:

IVf(@) =V, < Lylle—yll, Vo, yeQ. (1)

We stress that the constant Ly > 0 arises only in theoretical analysis and not in the actual
implementation of the proposed method.

For mirror descent, we need to introduce the Bregman divergence. Let w : Q@ — R be a
distance generating function, i.e. a 1-strongly convex function on @ in the ||-||-norm:

1
w(y) 2 wz) + (W' (w),y —2) + 5 ly—=|*, Yz yeQ.
Then the corresponding Bregman divergence is defined as

Va(y) = w(y) —w(@) - W (2),y—z), 2,y€Q.



Finally, we generalize the Grad and Mirr operators from |Allen-Zhu and Orecchial [2014]
to composite functions:

L
Gradu(z) i= arguin { (V(@hy = a) + § Iy ol +90) |, zca@
yeERQ
1 *
Min?(g) = argmin { (9.5~ 2) + LV2(0) + %)} B, zeQ
yEQ

3 The method

Below is the proposed scheme of the new method. The main differences between this algorithm
and the algorithm of |Allen-Zhu and Orecchial [2014] are as follows: 1) now the Grad and Mirr
operators contain the ¥(y) term inside; 2) now the algorithm does not require the actual
Lipschitz constant Ly, instead it requires an arbitrary number L0E| and automatically adapts
the Lipschitz constant in iterations; 3) now we need to use a different formula for aky1 to
guarantee convergence (see next section).

Algorithm 1 Accelerated gradient method.

Require: z(y € Q: initial point; T: number of iterations; Ly: initial estimate of L.
Yo ¢ To, 20 < X, ag 0
for k=0,...,7—1do
Li+1 < max{Lo, L/2}
while True do

2 _Lyg 1 1
Qpy1 & Jaipts + i, + o and 7 <

1
akt1Llikpr”

Tht1 < TEZE + (]. — Tk)yk
Yk+1 Gra‘de+1 ($k+1)
if flyni1) < F@rr1) + (VF(@re1) Yor1 — Tep1) + 52 [yrr1 — 2xs1]” then break
Liy1 ¢ 2Lgy1
end while
21 4= MirrZH (V f (2541))
end forreturn yr

Note that Algorihtm [I] if well-defined in the sense that it is always guaranteed that 7, €
[0,1] and so zx+1 € Q as a convex combination of points from Q. Indeed, from the formula
for ax4+1 we have

1 1
ogt1Llpyr > + —— | Lik+1 =1,
( Lz, 2Lk+1>

1

therefore Tk = m S

4 Convergence rate
First we prove the analogues of Lemma 4.2 and Lemma 4.3 from |Allen-Zhu and Orecchial
[2014).

Lemma 1. For any u € Q and 7, = we have

1
a1 Ly

k1 (VF(@rr1), 26 — u) < 0fg1 Les1 ($(@ni1) — (yrtn)) + (Vay, (w) =V, (w)
+ k10 (1) — (@1 L) ¥ (@ns1) + (@f 41 Lot — cr) ().

Proof. From the first order optimality condition for zx41 = Mirrs; ™ (Vf(2r+1)) we get

1 /
<Vf(fﬂk+1) + ;kVJk (2h41) + V' (2k41), 21 — u> <0, Yu € Q.

IThe number Lo can be always set to 1 with virtually no harm to the convergence rate of the method.



Therefore

ok 1(V f(Trt1), 21 — )
= ar+1{(Vf(Trt1)s 2k — 2r41) + 01t (Vf(Tr41), 2041 — 0)
< a1 (VF(@rr1), 26 — zia1) + (V2 (1), 0 — zi1) + @i (W (2r41), w0 — 2041)
< (1 (Vf(@rr1), 26 = zi41) — @1 W (2eg1)) + (V2 (2rr1), u = 2e41) + a1 @ (),

where the inequality follows from the convexity of W.
Using the triangle equality of the Bregman divergence, (V,(y),u — y) = Vi(u) — V, (u) —
Vi (y), we get

(V2 (1), u = zigr) = Vi (u) = Vi (u) = Vi (2141)

1
< Vzk (u) - Vzk+1 (u) - 5 ”Z’H-l - Zk||2 )

||zk41 — zk||2 in the last inequality.

where we have used Vz, (zk41) > %

So we have

1
k1 (V[ (@ht1), 26 — u) < (ak+1(Vf(xk+1),zk = zi41) = g 12 = 2|” - ak+1‘1’(zk+1))

+ (Ve (0) = Vi () + a1 ¥ (u)

Define v := 7zi41 + (1 — 7)yr € Q. Then we have zpy1 — v = Ti(2k — 2x+1) and
T (zk+1) + (1 — 1)U (yx) > ¥(v) due to convexity of ¥. Using this and the formula for 7y,
we get

1
(ak+1(Vf(xk+1), 25— Zkt1) — 3 2xt1 — zll” — ‘I’(Zk+1))

k1 (1 — k)

U (yx)
Tk

Qi1 1 2 | Qi1
< (X - BT Q1 g,
< - (BT ar) v = i) + gz o= P+ B () ) +

L
< ~(atnrLusn) (TF )0 = o) + 5 o = a4 900 ) + (ks = ane)¥(on)
2 Lk+1 2 2
< = (g1 Li1) [ {VF(@rt1) Yot1 — Tra1) + =5 lYp+1 — Trsr |7+ C(yrs1) | + (Qegr Lirr — ar41) Y (yr)

2

Here the last inequality follows from the definition of yx41.
Note that by the termination condition for choosing Lx+1 we have

d(Yr+1) = fyr+1) + P (yr+1)

L
< f@ner) + (VF(@ra1) Yos1 — Topr) + —ot

2 lyer — zrrall® + U (yrrr)

L
= ¢p(xr+1) + (VI (Tr+1), Yot1 — Tet1) + % lye+1 — zrgal|® + U (yrr1) — ¥(@rg)-

After rearranging;:

- <(Vf(xk+1),yk+1 — Tp41) + Lk;l k1 — zrga]® + ‘I’(yk+1)) < A(@h41) = (Yt 1) =V (Tht1)-

Hence,

1
e e e ).

< (@1 Lig1) (@(@rt1) — ¢(Yrs1)) — (@41 Lig1) U (@rt1) + (i L — 1) ¥ (yn).

Finally, combining the previous estimates, we get
k1 (Vf (Thy1), 26 — 1) < (01 Lig1) (@(Tha1) — d(yns1)) + (Vay, () = Vayy, (w)
— (kg1 Ly )W (@pp1) + (i L1 — 1) W (yk) + a1 @ (w).
O



1
a1 Ly

(af41Lis1)d(Yrr1) — (@1 L1 — es1)(Y) + (Ve yy (W) — Vo (0) < aigro(u).  (2)

Proof. Using convexity of f and relation 7% (zr+1 — 2x) = (1 — 7%) (Yr — Tk+1), we obtain

art1(P(zri1) — o(u))

Lemma 2. For any u € Q and 7, = we have

= art1(V(zr41) — V(u) + w1 (f(@r41) — f(u))

< app1(W(@es1) = V() + arp 1 (VI (@rt1), Trsr — )

= o1 (U(@r41) — V(W) + 1 (Vf(@ht1), Tor1 — 20) + ars 1 (Vf (@h41), 26 — )
(@) = W) + LI 9 ) = ) s (9 (), 26— )

< a1 (V(zrs1) — P(u)) + (ak+1Lk+1 —art1)(f(yr) = f(xrr1)) + art1(Vf(@ht1), 26 — )
< ari1¢(@rr1) — arpr ¥ (u) + (ks Liyr — aks) f(ur) — (@i Ler) f(@ran) + anpr (Vf (@r41), 26 — w).
Now we apply Lemma[l] to bound the last term, group the terms and get
a1 ($(@rr1) = 6(u) < rr1d(@ii) = (i1 Lir)(rr1) + (@i 1 Lt — air1)d(yr)
+ (Ve (w) = Vapyy (w).
After rearranging, we obtain . O

Now we need to use Lemma [2| for obtaining the convergence rate. Note that the special
choice of {ar }r>0 in Algorithm 1| gives us

Qi1 L1 — agp1 = apLi, k>0. (3)

Therefore, taking the sum over k =0,...,7 — 1 in and using that ap =0, V.. (u) > 0 we
get

T
(a7 Lr)p(yr) < <Z ak> $(u) + Vg (u).
k=1
From (B) it follows that >} _, ay, = a3 Lr, so

P(yr) < p(u) + Vzo (u). (4)

2
aTLT

Now it remains to estimate the rate of growth of coefficients Ay := aiLk. For this we use the
technique from |2013]. Note that from we have

Agt1

A — A =
k+1 k Lot

Rearranging and using (a + b)? < 2a® + 2b% and Ay < Ay, we get

2 2
A1 = Lis1 (Aps1 — Ag)® = Liya (\/ Aps1 + \/Zk) (\/ Apg1 — \/Zk)
2
<A4Lpy1Arsa (\/ A1 — \/Zk)

From this it follows that X
1
Ak+1 > -

i=0
Note that according to and the stopping criterion for choosing Li+1 in Algorithm , we
always have L; < 2Ly. Hence,
E+1 (k+1)?

— A >
2./2L; = 8L

Agy1 >

(®)

Thus, combining and with u = z* = argmin, g ¢(z) and V,,(z") =: %2, we have
proved the following theorem:



Theorem 1. For the sequence {yi}r>0 in Algorithm we have the following rate of conver-
gence:
w _ 16LsR?
oyr) — é(a") < =5
Using absolutely identical arguments to Nesterov| [2013], it is also possible to prove that
the average number of evaluations of the function f per iteration in Algorithm [I] equals 4.
Theorem 2. Let Ny, be the total number of evaluations of the function f in Algorithm[]] after
the first k iterations. Then for any k > 0 we have

L
Nie < d(k+1) + 2log, 72
0
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